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Shape analysis
Grain size distributions
Spatial distributions
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deformed rocks
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Schedule

Renée – Lectures
10:00-10:30 shape analysis
10:30-11:00 discussion & break
11:00-11:30 grainsize
11:30-12:00 discussion & break
12:00-12:30 phase distributions & correlations
12:30-14:00 discussion & lunch

Rüdiger – Lab
14:00-15:30 using Fiji / imageJ
15:30-16:00 break
16:00-17:00 playtime (with your own data)



1 
preparing the input



grain size is always distributed

... about a mean grain  size
usually within one order of magnitude

=> 'the grain size'
(mean, mode of histogram, 2D, 3D)

... with a constant ratio of grain size
over more two orders of magnitude

=> 'fractal dimension'
(slope of log-log plot, 2D, 3D)



measuring grain size in 3D
using sieves, particle analyzer, tomography

Stainless Steel Sieves laser diffraction particle size analyser
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3D visualization

Xray tomography nano / micro CT system



fractal dimension from sieved data

D = 2.24mean ~ 65µm
mode ~ 100µm



measuring grain size in 2D projection

incident light transmission bitmap

10 mm



mean grain size from projection

bitmap



mean grain size from 2D section
using thin sections or polished surfaces

dequ (µm)

dequ (mm)

Points 313
Mean 1.3075
Median 1.4323
RMS 1.3771
Std Deviation 0.43268
Variance 0.18721
Skewness -0.50879
Kurtosis -0.68658

1.3075 mm

thin section segmentation

histogramm of diameters statistics grain size !



fractal dimension from 2D sections

D = 2.34

D = 2.34 D = 1.31

using linear diameters
and linear numbers
binning of dequ (µm)
bin width Δd = constant

power law fit on linear data linear law fit on log data

(linear data - plotted on logarithmic x- and y- axes) (log data - plotted on linear x- and y- axes)

(linear data - plotted on linear x- and y- axes)

D = 1.34

n vs. d → D3d (n· d) vs. d → D2d log(n) vs. log(d) → D2d

using log diameters
and log numbers
binning of log (dequ)
bin width Δlog(d) = constant

(log data - plotted on linear x- and y- axes)



2 
basic grainsize



grain size is distributed

0                                88 px
diameter

0                               5700 sqpx
area

in terms of normal distribution:
→ increasing mean (µ)
→ increasing standard deviation (σ)

grain growth
→ increasing average size
→ increasing spread

⇒ distribution matters

Chen LQ, Yang W (1994)
Computer-simulation of the domain dynamics 
of a quenched system with a large number of 
nonconserved order parameters—the grain-
growth kinetics. 
Phys Rev B 50: 15752--15756

https://www.youtube.com/watch?
v=p0rY2r0E_2k

grain growth kinetics



h(R)
size distribution h(R): monodisperse (= Delta function)
only one grain size R
perfectly sorted grain size distribution

size distribution h(R): uniform
random distribution of size R
very poorly sorted grain size distribution

size distribution h(R): Gaussian normal
1/√(2πσ2)· exp(-((x-μ)2/(2σ2)))
preferred / mean grain size Rm, dispersion σR
moderately sorted grain size distribution

size distribution h(R): bimodal
two populations of grains
generated by mixing or two different processes

size distributions

R
h(R)

R
h(R)

R
h(R)

R



pro memoria:  statistical measures
for list of values for grouped data

mean
Arithmetic mean μ  = 1/n Σ xi

Geometric mean g  =  n√  (Πxi)
Harmonic mean h  =  n ·  (Σ (xi)-1)-1

μ = 1/Σh(xi) ·  Σ  [ h(xi) ·  xi ]

Note: if Σh(xi) = 1.00   μ =Σ  [ h(xi) ·  xi ]

median
(n = odd)    med(x) = m = x(n+1/2)

(n = even)    med(x) = m = 1/2· (x(n/2)+ x(n/2+1))

mode
Note: mode is not defined mode = x of h(xi)max

RMS
RMS = ( 1/n · ∑ xi2) -1 RMS = ( 1/Σh(xi) · (∑ xi2 - μ) ) -1

where
μ = 1/Σh(xi) ·  Σ  [ h(xi) ·  xi ]   (= Arithmetic mean)

variance
σ2 = 1/n ·  Σ (xi-μ)2 σ2 = 1/Σh(xi) ·  Σ  [ h(xi) ·  (xi-μ)2 ]

if Σh(xi) = 1.00:
σ2 = Σ [ h(xi) ·  (xi-μ)2 ]

standard
deviation

σ = √  σ2 σ = √  σ2

skewness
sk = 1/σ3 ·  1/n ·  Σ (xi-μ)3 sk = 1/σ3 ·  1/Σh(xi) ·  Σ  [ h(xi) ·  (xi-μ)3 ]

if Σh(xi) = 1.00
sk = 1/σ3 ·  Σ [ h(xi) ·  (xi-μ)3 ]

kurtosis
k = 1/σ4 ·  1/n ·  Σ (xi-μ)4 k = 1/σ4 ·  1/Σh(xi) ·  Σ  [ h(xi) ·  (xi-μ)4 ]

if Σh(xi) = 1.00
k = 1/σ4 ·  Σ [ h(xi) ·  (xi-μ)4 ]

negatively skewed (sk < 0) positively skewed(sk > 0) platykurtic (k < 0)leptokurtic (k > 0)            



arithmetic mean X̅ = 1/n · ∑ xi

geometric mean G = n√ ∏ xi

harmonic mean
    

H
    

=
=

1 / ( 1/n · ∑1/xi )
n / ∑1/xi

root-mean-square RMS = √ ( 1/n · ∑ xi2 )

RMS > X̅ ≥ G ≥ H

median =
=

x(n+1)/2

(xn/2 + x n/2+1) / 
if n = odd
if n = even

mode = most frequent value

the (in)famous 'mean grain size'

∑ = sum 

∏ = product

i = 1, ... n



finding the mode by curve fitting

Polynomial curve fit

m0 + m1x + m2x2 + m3x3 + ....

Normal curve fit

· exp( -           )(µ - x)2

2σ2

1

√2πσ2

Lognormal curve fit

· exp( -              )(ln(x)-µ)2

2σ2

1

x√2πσ2

14.2 µm

11.5 µm

12.6 µm

in all cases:  fit through center of bin !



finding mode by non-parametric fit
14.2 µm

11.5 µm

12.6 µm

13.4 µm

kernel sigma ≈ 1.5 µm
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binning

area of circle =
area of segment
(incl. boundary)

diameter of
area equivalent
circle

areas

diameters

areas

diameters

as is - not binned binned - histogram



weighting

length L

area A = L2

volume V = L3

1 2 3 4

1
4

9
16

1
8

27
64

count # 1x 1x 1x 1x



from histogram to log-log functions

mean = 5.50 mean = 7.00 mean = 7.86 mean = 8.37

number weighted length weighted area weighted volume weighted

lin-lin

log-log

log-log

not a histogram !!

not a histogram !!



from histogram to log-log functions
number weighted length weighted area weighted volume weighted

mean = 7.00 mean = 7.86 mean = 8.37 mean = 8.72

lin-lin

log-log

log-log

not a histogram !!

not a histogram !!



from histogram to log-log functions
number weighted length weighted area weighted volume weighted

mean = 4.00 mean = 5.50 mean = 6.56 mean = 7.28

lin-lin

log-log

log-log

not a histogram !!

not a histogram !!



from histogram to log-log functions
number weighted length weighted area weighted volume weighted

mean = 5.50 mean = 6.39 mean = 7.04 mean = 7.53

lin-lin

log-log

log-log

not a histogram !!

not a histogram !!



convert log histograms to linear

log to lin x-axis

cleaned up
x-axis corrected
double points eliminated

mean = 65µm   mode = 100µm ??

strange 'bump' at 2µm ?

Betti's qtz gouge



vol% (log(size))  to  vol% (size)

correct log to lin bin width

(CalSecDis) (stripD)

h(a) recalculated from w%(log(a)) h(A) recalculated from h(a)

a = 2D
long axis

A = 3D
long axis

r(=a/2) R(=A/2)

!!  = uniform ? fractal ??



3 
2D grain size



defining grain size 
- measures for grain size 
- finding the correct diameter



diameter - a measure for grain size

requ

dequ
A

Requ

Dequ
V

on thin section
diameter of area
area of circle
A = π· r2 

⇒  d = 2· 2√(A/π)

from grains
diameter of volume
volume of sphere 
V = 4π/3· r3 

⇒  D = 2· 3√(3V/(4π))



alternative measures

A

P

Pequ

dequ

requ

same A

radius,

diameter

of area equivalent circle

dequ

requ

a
b

same A

longest diameter

shortest diameter 

of best fit ellipse

b
a

perimeter,

area of shapeA
P

Aequ

dequ

requ

same P

= P / 2π = radius,

= P / π = diameter

of perimeter equivalent circle

dequ

requ

don't useuse one of these



different diameters - isometric case

mean grain sizes

Oolithic limestone, polished surface (top) 
acetate replica of etched surface (bottom)
Hauptrogenstein, Jura Mts., Switzerland, 
Gregor Strub, unfinished PhD thesis, Basel Univ.

P/π = 1.42 mm

0                                         2.5perimeter / π (mm)

a = 1.50 mm

0                                         2.5long axis (mm)

0                                         2.5dequ (mm)

dequ = 1.31 mm

b = 1.16 mm

0                                         2.5short axis (mm)



different diameters - anisometric case

500 µm Data from Ane Kongsro Finstad (2017) Master thesis in Geology, Tromsø

Mean 42.7 74.2
Median 35.4 55.3
RMS 51.8 99.9
Std Deviation 29.4 67.0

Mean 69.8 93.3
Median 59.6 78.7
RMS 84.7 115.3
Std Deviation 48.2 67.7

garnet          dequ garnet             a omphacite    dequ omphacite       a



grain size(s) on orthogonal sections

mineral section 2D mean
(µm)

no. of 
grains 

garnet
X-Z 69.8 541
Y-Z 49.1 94

omphacite
X-Z 42.7 1727
Y-Z 25.8 759

quartz
X-Z 35.8 586
Y-Z 21.0 78

Z

X

Z

Y

500 µm



true area of segments

5 mm

matrix pixels do not
belong to segments

no. of pixels = area of segment

dequ = √ (A / π)

segment boundary

10 µm

grain boundary pixels
belong to segments

no. of pixels < area of segment

dequ corr = √ ((A+P) / π)
only if image is scaled to pixel !

segment boundary



reconstructing the segment area

10 µm
calcite & anhydrite calcite & anhydrite

Heilbronner, R. and Bruhn, D (1998). 
The influence of three-dimensional grain size distributions on the 
rheology of polyphase rocks. J. Structural Geology, 20: 695-707.

dequ (µm)

dequ = 3.87 µm

0 15 dequ corr (µm)

dequ corr = 4.33 µm

0 15



grain size mapping 
- visualizing grain size 
- area weighted grain size



grain size mapping
calciteanhydrite
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recrystallized grain size ... gradients

0 ≥25

area equivalent diameter (µm)

5 10 15 20
100 µm

undeformed
Black Hills quartzite

regime 1  w1092 regime 2  w946 regime 3  w935

Heilbronner, R. & Kilian, R. (2017).  The grain size(s) of Black Hills 
Quartzite deformed in the dislocation creep regime.
Solid Earth, 8, 1071–1093, 2017, doi.org/10.5194/se-8-1071-2017.



4 
3D grain size



why 3D ? 
- the famous correction factor



why 3D grain size ?!
100 random sectional circles calculated for 4 different distributions of spheres

mean = 69 px

diameter (px) diameter (px)

mean = 69 px

diameter (px)

mean = 69 px

diameter (px)

mean = 69 px



... that's why !

diameterdiameterdiameter
d

ddd

d d
h(%) sections

h(%) spheres
D

D
diameter

D

D
diameter

D

D
diameter

d = 0.78· D

mean of h(D)
mean of h(d)

= 1.3

... the origin of the famous
'correction factor' ...



the tomato salad problem

3D 2D
??!

easy
h(%)

diameter D

h(%)

diameter d



basic idea

Heilbronner, R. and Barrett, S. (2014)
Image Analysis in Earth Sciences
Microstructures and Textures of 
Earth Materials. 
Spinger Verlag, Heidelberg

Basic idea behind the STRIPSTAR program:

For any uniform size distribution of spheres, hu(R), the 
size distribution of sections, hu(r) can be calculated. 

By comparing a measured size distribution, h(r), with 
hu(r), the parent distribution of spheres, h(R), can be 
derived.



applications 
- sedimentary rocks 
- crystalline rocks



let's do it !

mean d = 1.31

from 2D to 3D  -  from h(d) to h(D)

up to 10%
antispheres ?!

number weighted



did it work ?

mean D = 1.40
w/o antispheres

from numbers to volumes  -  from h(D) to vol%(D)

mean D = 1.68
w/o antispheres

volumetrically
< 1% antispheres

volume weighted



mean D = 1.68
st.dev. = 0.23

derive physically relevant grain size
from means to modes  -  from h(D) to vol%(D)

normal curve fit:
mean = mode

mode D = 1.70
st.dev =  0.11



mean d

physically relevant grain size

de
qu

 (
m

m
)

0.0

≥2.0
number-weighted
2D mean
2D st.dev.

1.31
0.43

volume-weighted
3D mode
3D st.dev.

1.70
0.11

= visual impression
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note sorting !

≠ visual impression



another example

diameter (µm)
≥100

Dequ (µm)

D = 7.22

Dequ (µm)Dequ (µm)

D = 4.24

dequ (µm)

d = 4.31
st.dev = 2.28

dequ (µm)

mode D = 7.33
st.dev = 2.15



0 %

5 %

10 %

15 %

20 %

25 %
B - V(R)(%)

0.0 12.0 30.0
equivalent diameter (µm)

18.0 24.0

0 %

5 %

10 %

15 %

20 %

25 %
A - V(R)(%)

0.0 12.0 30.0
equivalent diameter (µm)

18.0 24.0

v(R)

0 %

5 %

10 %

15 %

20 %

25 %
C - V(R)(%)

0.0 12.0 30.0
equivalent diameter (µm)

18.0 24.0

0 %

5 %

10 %

15 %

20 %

25 %
D - V(R)(%)

0.0 12.0 30.0
equivalent diameter (µm)

18.0 24.0

v(R)

v(R)

equivalent radius requ (px)

equivalent radius requ (px)

equivalent radius requ (px)

equivalent radius requ (px)

... and another one ...
µm
150

0

µm
150

0

µm
150

0

µm
150

0

0 %

5 %

10 %

15 %

20 %

25 %

30 %

35 %
A(%)

0.0 12.0 30.0
equivalent diameter (µm)

18.0 24.0

0 %

5 %

10 %

15 %

20 %

25 %

30 %

35 %
B(%)

0.0 12.0 30.0
equivalent diameter (µm)

18.0 24.0

h(r)

0 %

5 %
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15 %

20 %

25 %

30 %

35 %
C(%)

0.0 12.0 30.0
equivalent diameter (µm)

18.0 24.0

0 %

5 %

10 %

15 %

20 %

25 %

30 %

35 %
D(%)

0.0 12.0 30.0
equivalent diameter (µm)

18.0 24.0

h(r)

h(r)

equivalent radius requ (px)

equivalent radius requ (px)

equivalent radius requ (px)

equivalent radius requ (px)

RMS

mode1 mode2

9.5

6.7

5.2

12.4



software and short cuts 
- stripstar



stripstar (good old Fortran)

																									r=radius	of	sections,			R=radius	of	spheres	
																									spheres	only												spheres	&	antispheres	
				r	RB					r	center				h(r)(%)					h(R)(%)					v(R)(%)				h*(R)(%)				v*(R)(%)	

				0.150					0.0750								0.00								0.00								0.00							-4.09							-0.00	
				0.300					0.2250								0.64								0.00								0.00							-5.31							-0.03	
				0.450					0.3750								1.60								0.00								0.00							-9.92							-0.18	
				0.600					0.5250								7.37							13.56								0.72							16.37								0.72	
				0.750					0.6750								5.77								5.40								0.56								6.52								0.56	
				0.900					0.8250								5.77								2.38								0.42								2.87								0.43	
				1.050					0.9750								7.37								5.53								1.56								6.68								1.58	
				1.200					1.1250								6.41								0.00								0.00							-1.43							-0.50	
				1.350					1.2750								9.62								3.15								1.89								3.80								1.90	
				1.500					1.4250							12.18								4.84								3.99								5.85								4.02	
				1.650					1.5750							19.87							26.86							29.47							32.43							29.68	
				1.800					1.7250							15.06							23.95							34.12							28.92							34.36	
				1.950					1.8750								6.73							11.45							20.73							13.82							20.88	
				2.100					2.0250								1.60								2.89								6.54								3.49								6.58	
				2.250					2.1750								0.00								0.00								0.00								0.00								0.00	

....	etc.	

																									d=diameter	of	sections,	D=diameter	of	spheres	
																									spheres	only												spheres	&	antispheres	
				d	RB					d	center				h(d)(%)					h(D)(%)					v(D)(%)				h*(D)(%)				v*(D)(%)	

				0.150					0.0750								0.00								0.00								0.00							-4.09							-0.00	
				0.300					0.2250								0.64								0.00								0.00							-5.31							-0.03	
				0.450					0.3750								1.60								0.00								0.00							-9.92							-0.18	
				0.600					0.5250								7.37							13.56								0.72							16.37								0.72	
				0.750					0.6750								5.77								5.40								0.56								6.52								0.56	
				0.900					0.8250								5.77								2.38								0.42								2.87								0.43	
				1.050					0.9750								7.37								5.53								1.56								6.68								1.58	
				1.200					1.1250								6.41								0.00								0.00							-1.43							-0.50	
				1.350					1.2750								9.62								3.15								1.89								3.80								1.90	
				1.500					1.4250							12.18								4.84								3.99								5.85								4.02	
				1.650					1.5750							19.87							26.86							29.47							32.43							29.68	
				1.800					1.7250							15.06							23.95							34.12							28.92							34.36	
				1.950					1.8750								6.73							11.45							20.73							13.82							20.88	
				2.100					2.0250								1.60								2.89								6.54								3.49								6.58	
				2.250					2.1750								0.00								0.00								0.00								0.00								0.00	

....	etc.	

stripstar2019-R.f
stripstar2019-D.f



spread sheet (Kaleidagraph)

0-25µm 0-50µm

0 ≥100

area equivalent diameter (µm)

20 40 60 80



how to get a mode

normal curve fit lognormal curve fit



the stripper

scale image
check if background = black
check non-invertig LUT

  (ImageJ macro by Rüdiger Kilian)



the stripper
mean vol%(D) = 60.85 px 
⟹ mean D = 1.76 mm

Gauss fit

vol%(R)

comparison:

→ R = 0.86 ± 0.15 mm

→ R = 0.87 ± 0.11 mm

⟹ mean R = 0.88 mm



stripstar.m

stripstar.m
= stripstar.f



h(D)h(D)h(D)h(D)

stripstar versus shortcuts

h(d)h(d)h(d)h(d)

vol%(d)vol%(d)vol%(d)vol%(d)

vol%(D)vol%(D)vol%(D)vol%(D)

number-
weighted

stripstar

volume-
weighted

stripstar



4 
fractal grain size 

distributions

Renee Heilbronner
5

Renee Heilbronner


Renee Heilbronner
5



the fractal dimension 
- selfsimilarity 
- D3d  D2d  and  E



self-similarity
outcrop

thin section

8 mm 4 mm 2 mm

8 mm 4 mm 2 mm

fractal distribution
→ grain size ratio



6/8  fragmented4/8  fragmented1/8  fragmented

Example: F = 8 fragments
N = 2 remain unfragmented

fractal fragmentation
ln (n2/n1)

ln (r1/r2) 
D = 

h

r1 = h/2
r2 = h/4

n1 = 2
n2 = 12

Fragmentation fraction: 
f = (F-N) / F = 6 / 8

ln (6)

ln (2)

ln (n2/n1)

ln (r1/r2) 
D =                  =                = 2.585

Map views:



log(R)log(r)log(R)

F = 8

log(V)  volume of given size

F = 8

log(N)  sectional areas

F = 8

log(N)  number of particles

E
-3.00
-2.00
-1.41
-1.00
-0.68
-0.41
-0.19
0.00

D2d
2.00
1.81
1.59
1.32
1.00
0.59
0.00

-1.00

D3d
3.00
2.81
2.59
2.32
2.00
1.59
1.00
0.00

f
1/8
2/8
3/8
4/8
5/8
6/8
7/8
8/8

f
8/8
7/8
6/8
5/8
4/8
3/8
2/8
1/8

f
8/8
7/8
6/8
5/8
4/8
3/8
2/8
1/8

ED2dD3d

fractal dimensions



how to determine D 
- particle analyzer 
- thin sections



fractal dimension from sieved data
1

2

3

4

5

6

D = 2.37

D = 2.24

for sieved data 
D3d ≤ 3

mean ~ 65µm
mode ~ 100µm

?!

1. Clean original data:  
Plot: vol% vs. log(LA)

2. Linear LA: vol% vs. LA(µm)  
Plot: full range

3. Linear LA: vol% vs. LA(µm)  
Plot: (1µm ≤ d ≤ 100µm)

4. Convert vol% → no%:  
vol% / LA3 = no% 
Plot: no% vs LA(µm)

5. Convert no→ log(no), LA→ log(LA)  
Plot:  log(no) vs. log(LA)  
Plot: full range

6. Plot:  log(no) vs. log(LA)  
Plot: (1µm ≤ d ≤ 100µm)  
(% always normalized:  Σ = 100%)



fractal dimension from 2D sections

D = 2.34

D = 2.34 D = 1.31

using linear diameters
and linear numbers
binning of dequ (µm)
bin width Δd = constant

power law fit on linear data linear law fit on log data

(linear data - plotted on logarithmic x- and y- axes) (log data - plotted on linear x- and y- axes)

(linear data - plotted on linear x- and y- axes)

D = 1.34

n vs. d → D3d (n· d) vs. d → D2d log(n) vs. log(d) → D2d

D = 1.31

using log diameters
and log numbers
binning of log (dequ)
bin width Δlog(d) = constant

(log data - plotted on linear x- and y- axes)

for sections 
D2d ≤ 2



tricks of the trade

log bins
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Keulen, N., Heilbronner, R., Stünitz, H. and Boullier, A.-M. (2007). 
Grain size distributions of fault rocks: a comparison between 
experimentally and naturally deformed granitoids, Journal of Structural 
Geology, 29, 1282-1300, doi:10.1016/j.jsg.2007.04.003.
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dos & donts
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available / recommended programs
Software what it does where to get it

ImageJ / Fiji Image analysis https://fiji.sc/

Image SXM Image analysis https://www.liverpool.ac.uk/~sdb/ImageSXM/

stripstar (Fortran) 2D-3D grainsize analysis https://micro.earth.unibas.ch → Software

Jazy_stripper 2D-3D grainsize analysis https://github.com/kilir/Jazy_macros

PolyLX (python) Microstructures analysis https://github.com/ondrolexa/polylx

grain size toolbox (python) Grain size analyis https://marcoalopez.github.io/GrainSizeTools/

Matlab Image processing toolbox https://mathworks.com



resolution and significance

5 bins 10 bins 20 bins 50 bins 100 bins

 bin width (mm) 0.5 0.25 0.125 0.05 0.025

 counts / bin 63 31 16 6 3

as measured as published

 n 313

2D
 mean (mm) 1.3075 1.31

 std.dev. (mm) 0.43268 ± 0.43

3D
 mode*) (mm) 1.7034 1.7

 std.dev. (mm) 0.11322 ± 0.11

use antispheres to estimate error

*) = mean of Gauss fit



meaningful means
adapt bin size to number of measured sections
should have approx. 20 counts per bin
calculate 3D grain size distributions
= less biased than 2D distributions
use volume weighted histograms
= phsically most meaningful
use the mode (or modes if bimodal)
= dominant grain size(s)
do not use non-linear bins !
do not use log bins !
do not use the mean, median, or rms
= strongly dependent on shape of distribution
do not use the 'correction factor' to estimate the 3D mean
= useless

do

do

do

do

don't

don't

don't



delicate fractal dimension

when comparing data from particle analyzer (3D) to 
data obtained from thin section (2D)

D2d cannot be > 2.00
D3d cannot be > 3.00

not every powerlaw fit is a fractal...

attention

warning



end
grainsize


